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Instrumental Widths and Intensities in Neutron Crystal Diffractometry
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The amplitude and the shape of the quasielastic resolution function of a neutron two-axis spectrometer
are calculated in the Gaussian approximation. Special attention is given to the explicitness of the for-
mulae as well as to their absolute correctness, avoiding any unknown proportionality factors. The
results are applied to the analysis of the elastic scattering of neutrons in crystals.

1. Introduction

In an experiment to analyse the angular distribution of
scattered neutrons, carried out with a crystal diffrac-
tometer (two-axis spectrometer), the finite collimations,
the monochromator mosaic structure and the beam-
path configuration influence both the counting rate
and the experimental line width. This influence should
be quantitatively described by an instrumental func-
tion, the so-called resolution function.

The knowledge of the resolution function makes
possible the choice of advantageous experimental
conditions as well as the correct interpretation of
experimental data. That is why great attention has been
paid to the problem of determining the dependence of
the diffractometer resolution function on all experi-
mental factors.

The early papers in which resolution effects were
considered deal with elastic-scattering experiments,
their principal aim being the calculation of Bragg peak
width and relative intensities for some usual experi-

]
mental methods (Caglioti, Paoletti & Ricci, 1958
1960; Caglioti & Ricci, 1962; Sailor, Foote, Landon &
Wood, 1956; Willis, 1960).

In a more general treatment, Cooper & Nathans
(1968a) have shown, also for elastic experiments, that
the counting rate is given by the convolution, in the
space of wave-vector transfers Q (Q=k;—k;), of the
scattering cross section with the resolution function

1(Qy) =S s(QR(Q)Q .

Q, is the nominal setting of the instrument as defined
by the most probable wave vectors k; and kg. In the
Gaussian approximation, assuming that both the
transmission functions of collimators and the reflec-
tivity of the monochromator crystal are Gaussian-like
functions, the elastic resolution function of the dif-
fractometer can be written

3
R(Qo+X)=R, exp {—1% 12_ M XX} (1)

i 1
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where X, X;, X5 are the Cartesian components of X=
Q—Q,. X, is chosen parallel to —Q, and X; is vertical
(perpendicular to the scattering plane). Ry, and M;;
depend on Q, as well as on instrumental parameters.

The case of an inelastic experiment performed on a
two-axis spectrometer has recently been considered by
Tucciarone, Lau, Corliss, Delapalme & Hastings
(1971).

In the treatment presented below the Cooper—
Nathans formulation is extended to derive the quasi-
elastic resolution function of a neutron two-axis
spectrometer, the quasielastic scattering process being
considered as the most general case for which the two-
axis analysis represents a really efficient experimental
method.

As for many physical systems (e.g. polycrystals,
liquids, paramagnetics) the scattering cross section is a
function of Q rather than of Q, this case is considered
separately in order to obtain the most simple, straight-
forward relations between resolution function and
instrumental parameters.

Special attention is attached to the explicitness of
the formulae as well as to their absolute correctness,
avoiding any unknown proportionality factors.

The results are used to reconsider the elastic scat-
tering of neutrons in perfect as well as in mosaic im-
perfect crystals, by calculating the width and absolute
value of the integrated intensity of a Bragg peak as
obtained in a general linear scan.

For the sake of brevity mathematical derivations and
some applications are given in an Appendix.

2. Quasielastic resolution function of a two-axis neutron
spectrometer

The first step in the derivation of the resolution func-
tion is to define the counting rate as an average of the
scattering cross section over the space and energy
distributions of neutrons in the incoming and scattered
beams. For a given setting the counting rate may be
written as

do

1, k)= N | 200 Ty ko) -

X Tq(kp,kp)e(kp)dkdk, . (2)

N is the number of atoms (or unit cells) in the sample.
&(k) is the k density of the neutron flux [P(k)=
Dok exp (—k2[k%)[2nk?%, where @, is the total thermal
flux and ky=(2mkT)"?/h]. Ty(k;, k) is the transmis-
sion function of the monochromator system for Kk,
neutrons when the k; neutrons are preferentially
transmitted. do/dk, is the scattering cross section of
the sample per atom (or unit cell) and volume unit in
k, space. T,(k;ky) has the same meaning as
Ty(k;, k,) but for the analysing system. e(k,) is the
detector counting efficiency for &, neutrons.

In the next stage, the variables defining the cross sec-
tion are introduced in equation (2) to replace an equal
number of the six variables (k;k;). The integration
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over the remaining variables yields the resolution func-
tion. Generally, when the inelastic processes are
analysed on a two-axis spectrometer, this integration
may not be performed. However, for quasielastic
scattering cross sections, under special experimental
conditions which make sure that in the scattered beam
the neutron energy distribution represents a narrow
band around E; (the most probable incident energy)
so that the slowly varying functions of k, can be re-
placed by their values in &, the integration becomes
possible producing an explicit analytical expression for
the resolution function. This requirement may be
achieved by a suitable choice of the instrumental
parameters. For instance, if the scattering cross section
is Lorentzian with half width 4E:

&g 4By
dQdE, ~ (AEY+(E—E,?’

the half width of the neutronenergy distributionin the in-
coming beam [with the notation of Cooper & Nathans
(1967)]

E
AE= “ lotg 0y (

2 a2 2 2 2,2 1/2
2 ln 2 ’7M“2+’7M2°_‘1+°;0°‘1)
o+ 4niy +od
©)

must be fixed at a value which allows the convolution
of the cross section with the incident neutron intensity

J(E)=J(E;) exp [—In 2AE,— E)f/(4E,)’]

to be sufficiently narrow. The half width of the convolu-
tion of a Lorentzian with a Gaussian has been cal-
culated by Teutsch (1971); when 4E, <AE, e.g., it is
smaller than ~ 1-64E. If necessary, more severe re-
strictions may be imposed on the ratio AE,/AE
through equation (3).

The derivation of the (Q,w) and the (Q,w) resolu-
tion functions is briefly explained in the Appendix. A
more detailed mathematical treatment is given in a
preprint (Grabcev, 1973q).

The (Q, w) resolution function

As shown in the Appendix, for a quasielastic cross
section, when the scattering angle is much larger than

Fig. 1. Vector diagram in reciprocal space for the most prob-
able scattering process.
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the collimation angles (i.e. the small-angle scattering
case is excluded) and the instrumental parameters are
chosen in the sense of the discussion at the begining of
§ 2, the counting rate may be written as

I (kn kF) =1 (Qo) = ¢(k1)3(k1)
x SS(QO,x,X4)R(Qo,x,X4)dXdX4 @)

where  X,=w=(h/2m) (ki—k%), S=Nhd’c/dQdE,
while R(Qy,X, X,) is the resolution function.

In this definition, the resolution function is a dimen-
sionless quantity expressing the relative sensitivity of
the instrument for a scattering process characterized
by A(Q,+X) and #X; momentum and energy transfer,
when the diffractometer nominal setting corresponds
to 7Q, momentum transfer and the most probable
process is an elastic one.

In the Gaussian approximation the resolution func-
tion is given by

4
R(Qo, X, X4) =Ro(Qo) exp [—% le MQaX:iX,1, (5
where X, X,, X5 have the same meaning as in equation
(1), the only difference being the arbitrary orientation
of the i axis relative to the scattering vector (Fig. 1);
for a certain physical situation it may be particularized
in a suitable mode.

The (Q,w) resolution function

When the scattering cross section is expressed in
terms of the magnitude of the momentum transfer it is
convenient to define a corresponding resolution func-
tion depending on this variable too. In this case the
counting rate takes the following form:

1 (Qo) = ¢(k1)8(k1)
x SS(QO, Xy, X)R(Q0, Xy, X)dX,dX, (6)

where X,=Q—Q, while %(Q,,X,,X,) is the (Q,w)
resolution function, given by:

%(Qo, Xn X4) = go(Qo)
xexp {—3( M X} +2M X X+ M X3} (T)

In order to define the (Q, w) resolution function as a
dimensionless quantity as well, the k& density of the
neutron flux, @(k)=4nk*®(k), has been introduced in
equation (6).

Between R(Q,w) and Z(Q,w) the following rela-
tions may be found:

H= SR M )" (84)
M., M,:
Mi=M,,— —2"2H 8b

Even if the two-axis spectrometer provides no
energy resolution, there exists an explicit dependence
of its resolution function on energy transfer, which

A C30A-6
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must be taken into account in quasielastic experiments
(e.g. critical scattering with 10, quasielastic scattering
in liquids) to correct the angular distribution data for
inelastic effects.

The presence of d(w) in elastic-scattering cross sec-
tions cancels the energy-dependent part of the resolu-
tion function, the counting rate being given in this case
by

1(Qo)=D(k )e(k) SS(QO,X)R(QO,X)dx ©)

or

1(Qo) = D(kp)e(kr) SS(Q°’ X)Z(Qo, X)dX;  (10)

where:

R(Qq, X)=Ry(Qy) exp {”‘%i jZ:IMUXiXJ} (11

and
R(Qo, X1) =Z(Q0) €Xp {_%'///11/‘,%} (12)

are the elastic resolution functions while S= Ndo/dQ.

Equations (4) and (6) make possible the calculation
of widths and intensities in any experimental situation
as well as attempts to find how the instrumental
parameters (incident neutron energy, collimation,
monochromator crystal) should be changed in order
to give more advantageous experimental conditions.

The explicit analytical formulae for the (Q,w) and
the (Q, w) resolution functions are given in the Appen-
dix. The unconventional nomenclature used there
[equations (33) and (37)] is more convenient for the
explicitness of the formulae. Moreover, a unified nota-
tion for the horizontal collimation angles and mosaic
spread of the monochromator system [the m, coeffi-
cients from equation (33)] is imposed by the remark-
able equivalence of these elements in the expression for
the resolution function. a,=1/2¢3 is a remnant of a
similar notation used for the analysing system in a
paper devoted to the resolution function of a triple-
axis spectrometer (Grabcev, 1973b). Although the
resolution function of the diffractometer may be ob-
tained from that derived for a triple-axis spectrometer
by putting kp=tg0,=k;, Py=1, cz=f3=n,=00, it
has been considered here independently both to avoid
the necessity of knowing details concerning triple-axis
spectroscopy and to outline the salient features of the
two-axis analysis.

3. Application to the analysis of elastic scattering of
neutrons in crystals

The equation of the diffraction pattern of a perfect
single crystal is obtained by introducing in equation
(9) the elastic coherent scattering cross section (Cassels,
1951):

do _ Qnp

@ = 7, FQP 3 8Q+2m)
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where V, is the volume of the unit cell, F(Q) is the
structure factor including the Debye-Waller factor
and t is any vector in the reciprocal lattice of the
sample. There results:

(2m)?

1(Qo)=N =~ P(kpe(ks) 2. |1F(=2m1)[?Ro(—2n)

xexp {—% i M; Qo+ 277y (Qoy+ 277, (13)
LIt

i.e. a set of peaks whose widths and intensities are
essentially determined by the resolution function.
For a certain 1, putting

q=Q+ 27,

equation (13) indicates that the locus of points in Q
space for which the counting rate is p times smaller
than in the Bragg position (Q, = —2=7) is an ellipsoid:

My} +2M,,q,9:+ Mpq5+Msgi=21np.  (14)

Consequently, the shape of a Bragg peak is dependent
on the direction of displacement in Q space during the
scan. Equation (13) makes possible the calculation of
width and intensity for any scan. However, only linear
scans will be considered here, there being no evident
advantage for a scan whose trajectory in Q space is a
more or less complicated curve.

If g, (£ and { are coordinates in q space given by:

q1=qg; Os & cOs ¢
42 =4 sin & cos {
G3=qg sin{,
the Bragg peak measured along a fixed, arbitrary direc-
tion, defined by the angles & and {) is described by:

105,90 =1(60p) exp [- 1M (E)q%] (16)

(15)

where:
M(ED =M, cos? & cos? { +2M,, cos ¢ sin & cos? {

+ M, sin? &€ cos? {+ Ms; sin?{, (17)
while I(@g) is the maximum intensity:
2n)3
109 =N % ac)etks) 1F(~ 200 Ry~ 270).
(18)

Therefore, the Bragg peaks are Gaussians whose
integrated intensities and half widths at half-maximum
are given by:

2n ]“2 a9

1€ =\ 16 9eda=100) | 47027

and
1/2
2In2 J (20)

M0

The M;; coefficients defining in equation (14) the
equi-intensity ellipsoids are nothing other than the
elements of the resolution matrix corresponding to
Qo= —2nt. That means that, at these particular

LE)= [
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points of Q space, R(Q) may be directly determined
experimentally from the widths and integrated inten-
sities of Bragg peaks of a perfect crystal, measured in
various scanning modes (Cooper & Nathans, 1968b).

By a proper choice of the reference frame the resolu-
tion ellipsoids can be directly visualized in the recip-
rocal lattice of the sample.

Equations (19) and (20) are used in the Appendix
to derive the integrated intensities and half widths of
Bragg peaks of a perfect crystal, corresponding to
several conventional scans.

The coherent-scattering cross section of a mosaic
crystal may be found by averaging the cross section of
a perfect crystal with respect to the mosaic-block
distribution (Cooper & Nathans, 1968a4). From this
(see the Appendix), there results the following expres-
sion for the counting rate:

I'(Qo)=1'(0g) exp [—3(M {,g1+2M 154,49,
+ M 93+ Misq?)]  (21)

where I'(6g) and M;; are dependent on the mosaic
spread of the sample as well as on the diffractometer
resolution function. Consequently, the formulae
established for the widths and integrated intensities of
a perfect crystal are valid in this case too, provided
I(6) and M; are replaced by I'(fp) and M ;; respec-
tively. The results obtained for some particular linear
scans are listed in Table 2.

The (Q, w) resolution function is used in the Appen-
dix to derive the equation for the diffraction pattern of
a polycrystal and the intensity of the incoherent back-
ground.

The expressions for half widths and integrated inten-
sities collected in Table 2 and equations (86) are in
agreement with those reported by Caglioti, Paoletti &
Ricci (1958, 1960) and Caglioti & Ricci (1962) and (or)
by Cooper (1968) and Cooper & Nathans (1968b).
Moreover, here are given the absolute values of inten-
sities as well as their dependence on vertical collima-
tionand mosaic spreads.

APPENDIX
Derivation of the (Q, w) resolution function

The notation is, generally, that of Cooper & Nathans
(1967). y; and «; are the horizontal divergence and
collimation angles; J, and f; are their corresponding
vertical components. i=0,1,2, refer to the in-pile,
monochromator-to-sample and sample-to-detector re-
gions. 77, and 7, are the horizontal and vertical mosaic
spreads of the monochromator crystal while P, is the
reflectivity of that crystal for the most probable neu-
trons. 6, is the scattering angle.

In Fig. 1 is shown a vector diagram in reciprocal
space corresponding to the most probable scattering
proces . The k axis of a Cartesian reference frame is
chosen for convenience perpendicular to the plane of
experiment defined by k; and kr The orientation of i
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axis given by the angle ¢, is arbitrary. Making use of
the measuring-angles convention, described in Table 1,
k;,kp, k; and k, may be written as follows:

 k; =k, cos gi+k; sin ¢j
ke=k; cos (¢+0y)i+k; sin (¢ +0,)j
k; =k; cos (¢+7y,) ccs d,i
+k; sin (¢ +p,)-00s d,j+k; sin.dk
k,=k; cos (¢ +6;+7,) cos dy

+k, sin (¢+6;+7,) cos d,j+k; sin 6k, (22)

The monochromator and analyser transmission
functions are expressed in simple forms in terms of
ki, 1, 2, 0, and d,. Thus:

Ty(ki, kp) = Tyu(kiy y1) TMV(al)
Tk kp)= T 4u(y2) T 4v(3,)

where Ty and Ty are the horizontal and vertical
transmission functions of the monochromator:

1. ki—k
Tunlks, y1) =Py CXP{“ [W (}’1+2 ik L tg BM)
E 0
1 ki;kl VoA :
+ 5 (y1v+v =18 0M) + ?“i]} 23)
B -
T O)= ey sint 0,97
1 1
_ 2 .
X exp {‘51 [2ﬁg+8n;§ SnZ 0, 2ﬁ§]}’ (24)

T,y and T, are the horizontal and vertical trans-
mission functions of the analyser:

%)
Ta(@)=exp (- 2/32) S

For the actual values of the collimation angles and
of the monochromator mosaic spread, the transmis-
sion functions (23)-(26) are measurably different from
zero only when y,, y,, J; and d, do not exceed one or
two degrees and |k;— k,[<k, -On the other hand, for
quasielastic cross sections, in the special experimental
conditions discussed in the main text, the energy dis-
tribution in the scattered neutron beam takes essenti-
ally non-zero values only 1f |k, k;| <k;. Under these
circumstances:

(a) All the integration limits in the expression ob-
tained from equation (2), replacing the variables k;

T4a(ps) =exp (— (25)

(26)
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and k; by uy=(k,—k;) tg Om/ky, u,=k;—ky, y1, 2, 4
and J,, may be extended to (—oo, +oc) without in-
troducing an appreciable error in the value of the
integral.

(b) The slowly varymg functions of k; and k; may
be replaced by their values in k;.

‘(¢) The small-angle approximation may be used in
equations (22) for y and 4.

The next step is to replace the variables y;, y,, 4, and
d, by X=Q-Q, and X,=(#/2m) (k%—k%). When the
scattering angles are much larger than the collimations,
Y1, Y2, 4, and &, are given by:

y1=Agotty + Ay X+ A Xy + A1 X,

’ Y2= Aoty + Ay Xy + A X5+ A2u X, (27)
Uy = Asgtty + A3y Xy + A3 X5 + 434X,y
and
0, =0,— X[k, (28)
where: PR
@) -, cos@h)
7 tg Oy U Tk, sin 6,
Ao sin (¢ +6;) _ —(m/h)
127 "k, sin 6, ¥ k2 sin 6,
cos
_A20='—7A10‘ . A21= —l;,—s—lﬁ% (29)
¢ o sing A —(m/h) cos 6
27 'k, sin 6, #»T T krsing,
Asg=ky/tg On A3 =A3,=0 Ay =—m/(hk,).

" When care has been taken to include the Jacobians
of the variable transformations, after integration over
u; and &,, there tésults the expression from equation
(4) given in the main text, defining the resolution func-
tion as:

R(Qo, X, X,)=Ro(Q,) exp (— lz“i 12—-:1 M ;X X)) (30)
wherfe : T
‘ ’ Ro(Qo) = ROH(QO)RDV @3 1)
and - '
' Mij=My. (32)

For the description of Ry, Ry and M;; some new
definitions are introduced:

I T 1 1

o - m3= eyt a1= 2—a§
(33)
(34

M=mm,+4myms+ m,m;

Table 1. Measuring-angles convention

Angle Range

y (-7, +m

05,200 N , +n)= T

¢ .o (=dFn) Fiaxis, o
) (—n/2, +7r/2)

A C30A -6

The most probable k. R
The most probable k incident.

z1. Projection of k on horizontal plane.

Positive sense
Trigonometrical _
=" Trigonometrical

Trigonometrical
k. positive.

Origin
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S1=(A10+2)*my+ (Ayo+ 1’m, + A2o(ms+ay) (35)

Ti(n)=Aso(Ay + Ay)+(3—n)A4y (36)
— 1 . — 1 -
U g VT gy sink 6,
1 1 ‘
- V= 37
T A7 7
Then:
3 Py o\ 2
R~ grigant (5,) G38)
n 1/2
Roy= [ 1’1(”2+1’3+ V) (39)
For i,j=1,2,4:
2 3
M;;= E[MAliAlj+al _zl T(n)Ty(n)ym,] (40)
M;;=0 (G3))
while:
2 V,+v
M= . (—21") (42)

k2 vatv+ VO

Derivation of the (Q,®) resolution function

As in the general case, the deviations from the no-
minal values are used:

X=0-0,

When the i axis of the reference frame (see Fig. 1) is
directed along Q,:
_0-0; Xi+X3+X3
= ~ X+ ———= ~X.
0+0, 20, !

The procedure for the resolution function calcula-
tion is similar to the one in the previous section. Thus
X; and X, are introduced in the expression of the
counting rate to replace two of the six variables
(11,715 01, 42, 72, 0), say y; and u,.

From equations (27) and (29) there result:

(44)

Y1=7V2+ Byoty + By X; + By X,

Uy=Byou; + By X, + B3, X, (45)
where:
B10=2A1o
Ay Ay —— - Signls
Bll—All AZI k] cos (65/2) (46)
mfh
Buy=Ay—Ay=— (—/—)t 2(6,/2)
BSi =A3i .
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The integration over the remaining variables gives
the equation (6) defining the (Q,w) resolution function
as:

R(Qo, X1, X4) =Ro(Qo) exp [— (A1, X3
+2M X\ X+ My XD (47)

where:
. n P M . 1
Zo(Qo) = 4itg Oy cos (6,/2)] (Sp)\?
LI TS
x [vl—V(vz_ﬂﬁ]
and:
M= 2MajS'BliBIJ 49)
2
S, is given by:
Sy=M+a,[(Byo+2)*m, +(Byo+ 1)’m,+ Biyms]. (50)

Bragg peaks of a perfect crystal

When the i axis of the reference frame is in the oppo-
site direction to a certain reciprocal vector of the
sample, i.e. T=—1;, according to equation (13) the
corresponding Bragg peak is described by:
1(Qo)=1(05) exp [—3M,1(Qoy —277)?
+2M1(Qo1 — 277) Qoo + M,,0%]  (51)

2ny

Fig. 2. Diagram in the horizontal plane illustrating the rela-
tionship between mis-setting angles and the most probable
wave vectors.
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where I(05) represents the peak intensity, occuring

when
Qo2 =k [sin ¢ —sin (¢ +6,)]=0 (52)

and
Qo1 =k;[cos ¢ —cos (¢ +6,)]=2nt=2k,sin 0. (53)
The condition (52) leads to:
¢=(n/2) sign 6,—6,/2
while (53) demands:

(54)

0,=205. (55)

The shape of the peak is dependent on scanning
procedure. In our particular reference frame Q, may
be changed by rotating k; and ky about a vertical axis.
The rotation of the sample through an angle —¢ from
the optimum position (see Fig. 2) is equivalent to the
rotation of both k; and kg, through an angle ¢, to posi-
tion k; and ky, the scattering angle remaining equal to
205. The detector rotation by an angle y represents a
rotation of ky through the same angle, to ky. In this
configuration:

¢=(n/2) sign 0p—0Op+¢ (56a)

0,=205+x (56b)
and consequently:

Qor—2nt=k;x cos 0y (57a)

Qo2 =ki(x+2¢) sin 5. (57b)

At a rotation of the reference frame (i.e. of the
sample) through a small angle y (comparable with the
vertical collimation angles) about the j axis, the com-
ponents of the scattering vector are changed in the
following way:

Qo1= Qo c0s ¥~ 0y,
Q(l)z= Qoz (58)
Q3= Qo sin y ~y(2nt+kx cos O5) ~2k,y sin 0.

As it may be seen in equations (58) the horizontal
component of the scattering vector is not changed when
y is a small quantity; the greater w values are not
important owing to the vertical collimation. Conse-
quently, all the results obtained so far under the over-
simplifying condition Qy;=0 remain valid and the
counting rate for a general configuration defined by
mis-setting angles ¢, ¥ and y is given by:

1(05,q)=1(0p) exp [~ (M9} +2M 59,9,

+My95+ M33q3)]  (59)

where
q1= Qo+ 2n7,.

According to equations (57) and (58):

q1=kyx cos Oy (60a)
@, =k;(x +2¢) sin b, (60b)
q3=2k;y sin @p. (60c¢)
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The elements of the resolution function from equa-
tion (59) are given by equations (38)-(42) in which, in
agreement, with equations (54) and (55), ¢=
(n/2) sign 85— 05 and 0,=20,.

Hence: .

A= — Azo= tg 05 | tg Oy, =a=dispersion parameter

(Caglioti, Paoletti & Ricci, 1958)

sign Op

Ay=—Ay=— mgg (61)
_ 4 _ signfp
Az=dz= 2k, sin 85 °
Then:
Si=(a+2Y’m,+(a+1’my+a*(m;+a;) (62)
and:
_ by _ by
M= 25,k? cos? 05 Ma= 285,k? sin? O
M., = ha = 11"_3_*
127 25,k% sin 0, cos O 37 2k? sin? 0,
(63)
where:
Ly=M+(4m+my)a,
lp=—M+[4(a+ m+ (2a+ )m;]a,
Ly=M+[4(a+1)’m +(2a+1)’m, +4a’my)a, (64)

L3=4V(v,+vs) sin? 05 | (v, +v;+ V).

The maximum intensity is obtained when q=0,
i.e. y=p=yw=0; it may be written as:

100 C i . 65
(6a)= (mSPH? [Ul(vz'f‘vs'f' V)] (63)
where C; is a proportionality factor:
2
R U () J L R ST

Vlsin 20| |tg Oy|

Introducing the coordinates defined in equations
(15) there results:

Gae=k* +4(xp + ¢* + w?) sin? G5]'2 (67a)

E=arctg (—U;—(p tg HB) (67b)
_ 2y tg O

{=arctg ( F+ Gt 20)" & O ) (67¢)

Equations (19) and (20) from the main text together
with the above formulae make possible the calculation
of the width and integrated intensity for any linear
scan. Some conventional scans will be discussed below.

Crystal (p) scan

In the (p) scan, the sample crystal is rotated about
a vertical axis keeping the detector fixed in the Bragg
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position, In this situation y=y =0 and according to
equations (67) ¢=m/2 and {=0. Then ¢q,=¢5=0, i.e.
the equi-intensity ellipsoids are scanned along the j
axis. Therefore:

172 i
1=165) ( f}‘) (684)
21ln2\2
L,= ( Mzz) : (68b)

In equations (68) I, and L, are expressed in units of
Q. However, usually the Bragg peaks are plotted in
terms of angular units. Equations (68) may be re-
written on a ¢ scale by dividing them by a scale factor
equal to 2k,|sin |, as obtained from equation (67a).

Hence, on a ¢ scale, the peak integrated intensity and.

half width are given by:

g, [ i —‘]”'  (69a)
e (1) Loy, 403+ V)
- T .- 1/2 - .
Zo= In 28, J (695)
122 )
Crystal-detector (¢, —2¢) scan Lo
In this scan y=—2¢ and y=0. Then {={=0 and

¢1=¢5=0, ie. the scanning is performed along the
i axis. Hence

1(,,_2‘,,4(0,,)( 27:1)1/2 (70a)
Lo o= (202 " (109)
while on the g-scale:
Fo.-20= (13/2 [vl(v2+v;3+ V)]“2 _ (71a)
Lo 20= (11,1—1121&)1/2' (715)

The scale factor is now 2k;|cos 4|.

A

Detector (x) scan

When the crystal is kept fixed in the Bragg position
and the detector is rotated (9= =0), {=0p and {=0.

Then:
q1=kyx cos Og
g.=k;x sin O
;=0

and consequently:

L,=1(65)

2z 12
x [Mu cos? 8 +2M;, cos O sin O+ M,, sin® OB]
(72a)
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L,= '
2In2 ]“2
[ M, cos? Oy +2 My cos O sin O+ M,, sin* 0 ]
(72b)
On the yx scale (scaling factor k;):
C v, v
= > 73
I (S, —d*a))a;]'/? [ 0,(0,+ 03+ V) ] (734)
In 28, 1/2 ' :
L= [(Sl a al)al] ' (736)

Vertical (y) scan

If the crystal is rotated -from the Bragg .position
about the j axis (p=x=0), {==/2, i.e. the scanning is
petformed along the k axis. The integrated intensity
and half width of the peak are in this case given by:

1/2
S 1=Ky () (T4a)
33
21n 2\ 12
L,= (_—) . 74b
= s 74
On the y, scale (scaling factor 2k |[sin f5|):
C vZ 1/2
Y .
¥ 2lsin O] (Sy)? [01 V(vz+v3)] (75a)
1/2
P, = (_'“ 2) . (75b)
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Bragg peaks of a mosaig imperfect crystal

If a certain reciprocal vector of the most probable
mosaic blocks is in the opposite direction to the i axis
(ie. t=—1i), the corresponding reciprocal vector
attached to a mosaic block described by the horizontal
and vertical mosaic angles ¢; and vy, respectlvely, is
glven by
T~ —Ttit 1otk
Then. :
do, ( do : ’ '
A A AT
where P(p,) and #(y,) are the distribution functions
of the mosaic angles. When they are Gaussians with

half widths Zs;=(2 In 2)Y%ys and L =(2 In 2)V2
respectively, the scattering cross section becomes:

2
Ll W s

T Ve nsns
+ Q3/ns)/(8n*t?)]6(Q, — 277) .

Introducing this into equation (9) leads to expression
(21) for the counting rate, where:

[ I(OB) : 5
[((2 R 1) (2n52133+1>]

do,
dQ

I'(6s)= (76)
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while the M;; are given by the same formulae as
M;; [equations (63)] in which the /;; are replaced by

li

, l
Iy =@niaM+1,,)/ (2’7s % + 1)

Iy +])

5
o=l (203 by )
S,

l33=13/Q2nsl3+1) .

As indicated in the main text the derivation of the
results from Table 2 is now straightforward. In the
limiting case, #s=715=0, these results are reduced to
those correspondmg to a perfect crystal.

A particular case, important in practice, is worth
remembering: in a parallel setting of two identical
crystals (which may have different mosaic spreads),
with relaxed horizontal collimation between them,
a=—1, my=0, and consequently:

L2r=21n 2k +n}%)
Lr=F%=21n2ci+ad).

la=luf (2

(7D

(78a)
(78b)

Diffraction pattern of a polycrystal

Introducing in equation (10) the coherent elastic-
scattering cross section of a polycrystal

do,

0T 2V Z * |F(Q)?6(Q —2x7)

there results the following equation for the diffraction
pattern:

Qo) = P(kpelkr) 57— 2V Z |[F(2n)|*Z(2n7)

X €Xp [ YoM 1,(Qo—2m7)7],
were n, is the multiplicity factor.
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For a certain 7, the maximum intensity is obtained
when Qy=2n7, i.e.

6, =205. (80)

In a general position defined by the detector mis-
setting angle y, x=~0;,—20p, the magnitude of the
scattering vector is given by:

Q0=27'L'T+klx CcOS 03. (81)
According to equations (48), (49) and (80)
_ 7 Py v, ] 172
)= o O ™ |57 oe )
(82a)
2Ma,
= —. 2
M 1,(277) k2 cos? Ogl,, (826)
Then the counting rate becomes:
M.
1Q)=165) exp (== 77) (83)
22
where I(0) represents the maximum intensity:
0 C 1/2 4
100= s lovisy| - O
C, is a proportionality factor:
n,C
G= Ssin 6] - ®5)

Consequently, on the y scale, the integrated intensi-
ties and half widths of Bragg peaks of a polycrystal are
given by:

In 2/,, \'/?
2, = (—Mﬁ) (864)
_ Cp v 1/2
R il enace=n] BRI

When the Q units are used (scale factor &;|cos &g|):
L,=k;|cos 85|Z, (87a)
I,=kilcos 8g|.7, . (87b)

Table 2. The half widths and integrated intensities of Bragg peaks of a mosaic crystal

Defini-
Scan tion Scale Half width
(9) =0 ¢ &L o =[In 2(Sy/l, + 2n)]"*
v=0 =(Lp+ Lh)'
(0, —2¢) x=-29p St 1
+ 2H5si22
= P 9 = 2 =t
W 0 (0 ¢ 2'/’ I:]n lll + 8”§a1M
’ Sl+277§122 ]112
=0 FLu= 2
@) ¢ “ v [ln a\(S1—a%ay) + 2nfa M
v) =0 v Ly =In2(1/ls3+ 2n )"
=0 =(Ly+ L)

Integrated intensity

, C 0, 172
Fo= *

T (" [Ux(vz +os+ V) 2ndlss+1 )]
P ) C, 0, 172

@ U+ 8n2a M) [ 030+ 03+ V) 2ndlss+1) ]
S= G [ 02 ]”z

7 lal(S1—ata) + 2nka M1Y? Loy(va+ 03+ V) 2ndlss+1)
P C, o 1/2

v [133(2'7 ba! Sy + 1)]H2 [ v1(v2+vs+ V) ]
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The incoherent background

Assuming the Debye~Waller factor is a slowly varying
function of Q, the counting rate due to the incoherent
scattering is obtained from equations (10), (48) and
(49):

Cinc V2 v 88
Lipe= (Ma)"? [le(Uz+Us)] .
where:
do; P
L, 3 inc M
Cinc"'n Vn¢(kl)8(k1)NkI dQ Itg GMI ) (89)
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Interpretation of Short-Range-Order Scattering of Electrons; Application to Ordering
of Defects in Vanadium Monoxide
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Department of Physics, University of Oslo, Oslo, Norway

(Received 16 July 1973; accepted 19 September 1973)

Diffuse scattering of electrons from local order of defects in vanadium monoxide of composition VOy.,3
has been studied above the ordering temperature. Intensity expressions for short-range-order scattering
involving defects of more than one kind are derived, both for the kinematical case and with Bragg
scattering effects included. The interpretation is based upon comparison between experimental and cal-
culated distributions in intensity space and vector space, mainly in projections where Bragg scattering
effects are small or moderate. The scattering can be interpreted in terms of defect clusters consisting of
one metal interstitial surrounded by four metal vacancies, as in the ordered structure Vs;Os. The local
arrangement of clusters is different from that found in the ordered phase, however.

1. Introduction

The ease with which patterns of diffuse scattering from
single crystals can be obtained in electron diffraction
has made it a useful tool for the study of local order of
defects. However, emphasis in applications has almost
exclusively been on the qualitative side. Quantitative
interpretation of diffuse scattering in terms of order
parameters, as was developed in the X-ray case some
20 years ago, has been tried only to a very limited ex-
tent. The main reasons for this are associated with the
strong interaction between the incident electron and
the crystal. This may call for more complicated inten-
sity expressions than those given by kinematical theory,
especially when strong Bragg reflexions are excited,
and will also render the extraction of short-range-order
scattering from other types of diffuse scattering more
difficult,

General expressions for diffuse scattering of electrons
including dynamical interactions through Bragg reflex-
ions have previously been developed (Gjennes, 1965,
1966; Gjennes & Hoier, 1971). It was found that sub-
stitutional short-range order in binary alloys represents
a relatively simple case (Fisher, 1965), the Bragg scat-
tering effects leading mainly to a redistribution of dif-
fuse scattering between different Brillouin zones. When
more than one lattice site is involved in the ordering,
the situation becomes more complicated, but also more
interesting, since the Bragg scattering effects on the
diffuse scattering may then introduce features which
carry information which is not contained in purely
kinematical experiments.

Our reasons for starting a study on the vanadium~
oxygen system stemmed, to some extent, from such
considerations. The defect rocksalt-type oxides of tran-
sition metals (TiO, FeO, VO, efc.) contain many de-



